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An exact stochastic model for the thermalisation of quantum states is proposed. The model has var-
ious physically appealing properties. The dynamics are characterised by an underlying Schro¨dinger
evolution, together with a nonlinear term driving the system towards an asymptotic equilibrium
state and a stochastic term reflecting fluctuations. In particular, the choice for the nonlinear term
is shown to be unique in order to recover the equilibrium thermal state. There are two free parame-
ters, one of which can be identied with the heat bath temperature, while the other determines the
characteristic time scale for thermalisation, which can be xed from experimental data. The time
dependence of the energy is obtained, and we derive the associated evolutionary equation for the
density operator.
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The construction of a microscopic description for dy-
namical systems out of equilibrium is a subject of con-
siderable interest in statistical mechanics. While many
studies have been pursued in this direction (see, e.g., [1]
for standard results), the subject is nevertheless regarded
as very dicult, owing mostly to its nonlinear character.
In particular, a realistic model must be simple enough
to be tractable and yet sophisticated enough to capture
some of the physical essentials. Our goal here is to pro-
pose a simple and yet very compelling stochastic model
that characterises the approach to thermal equilibrium
for an arbitrary given initial quantum state.
By consideration of a general process of Brownian mo-
tion with drift on the quantum phase space, our rst step
is to derive the Fokker-Planck equation for the density
function associated with the underlying process. Since
the quantum phase space is compact, we can apply Zee-
man’s theorem on epsilon-diusions to show, in particu-
lar, that there is a unique class of drift terms for which
the stationary solution is necessarily given by the quan-
tum canonical distribution. The model we consider here
is indeed tractable, on the one hand, and satises, on
the other hand, the following physical properties: i)
the nonequilibrium dynamics is specied by a nonlinear
Schro¨dinger evolution with a thermal noise term, ii) the
choice of the nonlinear term is unique in order to re-
cover thermal equilibrium, iii) once the equilibrium state
is reached, the dynamics is dominated by the Schro¨dinger
evolution, and in particular, iv) the presence of the Brow-
nian motion guarantees the ergodicity of the energy sur-
faces.
The Hamiltonian process itself is also studied. We de-
rive a formula for the time dependence of the system en-
ergy, which converges asymptotically to the equilibrium
thermodynamic energy. This is applied, by way of illus-
tration, to the system consisting of a spin one-half par-
ticle in a heat bath. Finally we study the evolutionary
law for the density operator associated with the ther-
malisation process. We show that the evolution of the
density operator is not self-contained in the sense that
time development induces higher order moment terms.
We begin by considering the quantum mechanical
phase space CPn, which is viewed as a 2n-dimensional
real manifold M, with the natural Fubini-Study metric
gab that denes the transition amplitude on M. The
reason that M plays the role of a quantum mechanical
phase space is because Hamilton’s equations onM can be
lifted to the Hilbert space to give rise to the Schro¨dinger
dynamics [2]. This follows from the fact that M is
even dimensional and has a natural symplectic structure,
characterised by a nondegenerate antisymmetric tensor
Ωab = −Ωba. The symplectic structure is compatible
with the metric gab in the sense that raΩbc = 0 and
ΩabΩ
bc = −ca, where Ω
ab = gacgbdΩcd and ra denotes
the standard covariant derivative, satisfying ragbc = 0.
Then the Schro¨dinger dynamics take the form of Hamil-
ton’s equation: dxa = 2ΩabrbHdt, where dxa=dt is tan-
gent to the quantum phase space trajectory. Here, the
Hamiltonian function H(x) is dened globally on M by
taking the expectation of the corresponding operator H^
at each point of the state space M.
More specically, the expectation of the Hermitian op-
erator H^ = H with respect to the state vector Z
 is
given by H(x) = H
ZZ
= ZγZ
γ . Since each point x of
M corresponds to an equivalence class fZ;  2 C−0g,
it follows that the function H(x) is dened globally on
M. Conversely, one can show [3] that such functions
correspond to global solutions of the Laplace equation
r2H + (n+ 1)(H − H) = 0 : (1)
Here, H = H=(n+ 1), with H

 the trace of the Hamil-
tonian. This basic relation is used later when we analyse
the time evolution of the system energy. We note that H
is given by the uniform average of the energy eigenvalues.
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Now we generalise the Schro¨dinger dynamics by con-
sideration of a diusion process xt taking values in M.
We shall examine the case where the dynamics are given
by a standard Brownian motion with drift on M, given
by a covariant stochastic dierential equation of the form
dxa = adt+ ai dW
i
t ; (2)
where  is a constant, a is a vector eld, and ai
(i = 1; 2;    ; 2n) constitute an orthonormal basis such
that gab = ai 
b
j
ij and ai 
b
jgab = ij . Here, dx
a is the
covariant Ito dierential, and the 2n-dimensional Wiener





ijdt. In local coor-








Here aa is a coordinate basis for the given patch of M,
and aa the dual basis, such that for the covariant deriva-
tive rab of a smooth vector eld a with component
a = aa









The Ito dierential is constructed in such a way that the
stochastic dierential equation (2) is fully tensorial.
Now suppose (x) is a twice dierentiable function on
M, and dene the scalar-valued process t = (xt).
It follows from Ito’s lemma [4] that d = radxa +
1
2rarbdx










where r2 = gabrarb. Since the process xt is Marko-
vian, there is a density function (x; t) describing the
distribution of the state on M at time t, satisfyingZ
M
(x; t)dV = 1 (6)
for all t. Here, dV denotes the volume element onM, ob-
tained from the underlying Fubini-Study metric. Hence
the expectation of the process (xt) is given by
E[(xt)] =
Z
(x; t)(x)dV : (7)
On the other hand, from Ito’s lemma (5) it follows by
integration that
















Here the integrands are valued at time s at the point
xs 2 M. Since the second integral above has vanishing
expectation (in fact, it is a martingale), we have









Hence dierentiating (7) and (9) with respect to t and


























This is the covariant Fokker-Planck equation for the den-
sity function (x; t) onM, corresponding to the stochas-
tic process (2). In other words, the solution of (12) char-
acterises the distribution of the diusion (2) at time t,
given an initial distribution (x; 0).
The foregoing results are valid on arbitrary Rieman-
nian manifolds. Our considerations here, however, are
concerned specically with the case whereM is the quan-
tum mechanical phase space CPn, endowed with the
Fubini-Study metric. Since M is a compact manifold,
one might expect the equation (12) to have nontrivial
asymptotic (t ! 1) stationary solutions. Indeed, if the
drift term a in (12) is given by a gradient flow of some
function H(x) on M, then we can use Zeeman’s theo-
rem [5] which states that the stationary solution takes
the form  / exp(−H(x)), where  is a parameter. We
shall briefly sketch this result.




Then, if  = Q−1 exp(−H), Q constant, we nd ra =
−(raH) and rara = −(r2H)+2(raHraH).
Substituting these expressions into (12), we nd, after
rearrangement of terms, that @=@t = 0. In particular,
if we are concerned with the distribution for the value of
the function H(x), then the stationary solution to the








M (H(x)−E)dV is the density of states
inM for which the energy lies in the range E  H(x) <
E+dE (the energy surface), and Q() is a normalisation
factor (the partition function). The result of Zeeman
thus implies that, under fairly general assumptions, (13)
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is, in fact, necessarily the asymptotic distribution of the
process.
An alternative way of viewing this result is as follows.
If we regard (12) as an equation of continuity _ = −raja
with the current ja = a − 12
2ra, then the amount
of ‘probability transfer’ is given by the contraction jaa.
Suppose that a = −
1
2
2raH and that we insist the
probability transfer to vanish as t!1. Then, it follows
that  / exp(−H(x)).
Therefore, we are led to consider a stochastic equation
of the form dxa = − 12
2raHdt+ai dW
i
t on the quan-
tum phase space. This process, as such, however, does
not yet make reference to the quantum mechanical dy-
namics. If we view the drift term as characterising a non-
linear correction to the underlying Schro¨dinger dynamics,












This modication does not aect the asymptotic state
(13), due to the antisymmetry of Ωab. Hence, the analy-
sis above shows that, given an arbitrary initial state (pure
or mixed) on the quantum phase space, the evolutionary
law (14) necessarily takes that state into a thermal equi-
librium state characterised by the canonical distribution
(13). Once the equilibrium state is reached, the dynamics
is then dominated by the Schro¨dinger evolution, together
with the thermal fluctuations induced by the Brownian
motion on M.
We note that the evolutionary law involves two param-
eters  and . The stationary solution for (x; t) depends
only on , which we can identify with the inverse of the
heat bath temperature. The parameter , on the other
hand, characterises the time scale for the thermalisation
process. Indeed, from dimensionality considerations, 
has the units s−1=2. This constant can be xed from
empirical data.
Our next step is to study the stochastic process Ht =
H(xt) associated with the Hamiltonian function. From










where Vt = g
abraHrbH is the squared energy uncer-
tainty (H)2, at each point ofM, for the state to which
that point corresponds. In deriving (15) we note that the
term involving the symplectic structure vanishes on ac-
count of its skew-symmetry. Integrating (15) and taking
its expectation, while bearing in mind that the integral
of the third term in (15) is a martingale, we obtain











Let Ut denote E[Ht], the unconditional energy expecta-
tion, which can be interpreted as the total system energy









E[Vt]− (n+ 1)(Ut − H)

; (17)
by use of the Laplace equation (1) for Ht. This equation
can be integrated to yield the solution















This is the equation for the time development of the sys-
tem energy. In the limit t!1 the only contribution to
the energy is given by the trace term H and the integral
of Vs, the squared energy uncertainty, and it is not di-
cult to verify that the resulting energy U approaches the
standard internal energy for a system in thermal equi-
librium. It is clear, in particular, that in the high tem-
perature limit  ! 0 the contribution from the latter
vanishes, and we recover the uniform averaging of all the
energy eigenvalues. In the case of the low temperature
limit  ! 1, on the other hand, we observe that the
gradient term in the drift of (14) dominates, and hence
the system is forced to fall into the ground state.
As an illustration, let us consider the case of a spin
one-half particle in heat bath. The state space is CP 1,
which can be viewed as a 2-sphere, with the north and
the south poles corresponding to the upper and lower
energy eigenstates, with energies +h and −h, where h is
the magnetic moment of the particle times the external
eld strength. The symplectic flow gives rise to latitudi-
nal circular orbits on the sphere, while the gradient flow
is in the direction along the great circle passing through
the two eigenstates, pushing the state towards the south
pole. The equilibrium energy latitude is obtained by bal-
ancing the gradient flow and the fluctuations due to the
Brownian motion. If we let  denote the usual angu-
lar coordinate for the state as measured from the north
pole, then the conditional energy variance is given by
(H)2 = h2 sin2 . The conditional energy expectation,
on the other hand, is given by H = h cos . Since the
average H of the eigenvalues vanishes, the only contri-
bution to the energy is given by the integral term in
(18). The volume integral can easily be performed, and
we obtain U = −1 − h coth(h), which agrees with the
calculation based upon the quantum canonical ensemble
[3]. We note that at innite temperature the system en-
ergy corresponds to that of the equator, whereas for nite
temperature the system energy corresponds to that of a
latitude in the southern hemisphere. At zero tempera-
ture, the system collapses to the ground state.
Finally, we derive the evolutionary law for the den-
sity operator  associated with the process (14). In this
regard it is convenient to revert to the homogeneous co-
ordinates for the state space CPn. Consider rst the
projection operator given by  = Y
 Y= YγY
γ , and de-








In other words, ΨY (X) is the transition amplitude be-
tween the states X and Y . Then, the expectation
t(Y ) of the operator 

 in the state 



















Now, by substitution of the drift a = 2ΩabrbH −
1
2
2raH and by the use of the Laplace equation r2Ψ+






















In order to simplify the integral term, we recall the iden-
tity [7] raHra = hfH^; ^gi− hH^ih^i, where fA;Bg =
1
2 (AB + BA) denotes the Jordan product. This identity
expresses the fact that the covariance of the operators H^
and ^ is given by the expectation of their Jordan prod-

























(X; t)dV : (24)
The term involving the symplectic structure, on the
other hand, can be simplied by using the identity
ΩabraHrbΨ = h[H^; ^]i, where [H^; ^] is the commu-
tator. Since (22) holds for an arbitrary choice of the









































The emergence of the fourth moment term in (25) can be
interpreted by analogy with the renormalisation group
equation for the eective action in, for example, the two-
dimensional Ising model, for which t corresponds to the
scaling parameter. In the latter case, one starts from a
theory based on a two-point interaction. After rescaling,
however, a four-point interaction action is induced [1].
Analogous to the situation with the energy process we
can study the asymptotic behaviour of (25). In this case,
as t ! 1,  approaches the standard thermal density
operator, and hence @=@t vanishes. In high tempera-




 from which _

 = 0








U is the internal energy and @ = @=@, to simplify








Equation (25) is the dynamical equation for the den-
sity operator which takes an arbitrary initial distribution
into a thermal equilibrium state, given the heat bath
temperature . Needless to say, the Liouville equation
in conventional quantum dynamics is given only by the
rst term in the right hand side of (25), while the gen-
eral nonequilibrium process has a richer structure, as ex-
pected. Nevertheless, this model is surprisingly tractable
in the sense that, as we have demonstrated, the energy
process can be obtained explicitly.
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